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Abstract
Following ideas of B. Malgrange, we give explicit formulae for a b-function associated with a
weighted homogeneous polynomial morphism which defines an isolated complete intersection sin-
gularity.
 2005 Elsevier Inc. All rights reserved.
Keywords: Generalized Bernstein–Sato polynomials; Weighted homogeneous singularity; D-modules
In [2], E. Galina and Y. Laurent give a new proof of a result of Harish-Chandra on
the invariant characters of irreducible representations of semisimple Lie algebras [3], by
using theD-modules theory (see [4]). In particular, they use some equations of b-functions
relative to homogeneous spaces. Hence Y. Laurent submitted us the following problem:
Consider a polynomial map f = (f1, . . . , fp) : Cn → Cp with fi homogeneous. Deter-
mine the monic polynomial bf (s) ∈ C[s] of smallest degree such that
bf (χ) ∈ I, (1)E-mail address: torrelli@math.unice.fr.
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36 T. Torrelli / Journal of Algebra 286 (2005) 35–40where χ ∈D is the Euler vector field x1(∂/∂x1) + · · · + xn(∂/∂xn), and I ⊂D is the left
ideal generated by f1, . . . , fp and the vector fields v such that v(f1) = · · · = v(fp) = 0
(D denotes the ring of linear differential operators with coefficients inO = C{x1, . . . , xn}).
Of course, without any additional hypothesis, the polynomial bf (s) may be zero (for
example, take p = 2, f1 = x1 and f2 = x1x2). In this paper, we determine explicit formulae
for these polynomials when f is weighted homogeneous and defines an isolated complete
intersection singularity. Under these assumptions, our computations rely on knowledge of
the generators of the ideal I [1].
Remark 1. Equation (1) implies the following Bernstein–Sato identity:
bf (d1s1 + · · · + dpsp)f s11 · · ·f
sp
p ∈
p∑
i=1
Dfif s11 · · ·f
sp
p (2)
in O[s1, . . . , sp,1/(f1 · · ·fp)]f s11 · · ·f
sp
p , where di ∈ N denotes the degree of fi . It is a
consequence of the relations: v · f s11 · · ·f
sp
p =∑pi=1 si(v(fi)/fi)f s11 · · ·f spp for all vector
fields v, and χ · f s11 · · ·f
sp
p = (d1s1 + · · · + dpsp)f s11 · · ·f
sp
p . So (1) is naturally linked to
a very particular case of functional equations introduced by C. Sabbah in [7,8].
1. Preliminaries
Let us fix a system of weights α = (α1, . . . , αn) ∈ (N∗)n and let χ ∈D denote the Euler
vector field α1x1(∂/∂x1) + · · · + αnxn(∂/∂xn) associated with α. A nonzero polynomial
u ∈ C[x] = C[x1, . . . , xn] is α-weighted homogeneous of degree d ∈ N if it is a linear
combination of monomials xγ11 · · ·xγnn with α1γ1 + · · · + αnγn = d .
Let f1, . . . , fp ∈ C[x] be some α-weighted homogeneous polynomials of degree
d1, . . . , dp , such that the map f = (f1, . . . , fp) : Cn → Cp defines a complete intersection
(in particular, p  n). Let us denote by N the sum d1 + · · · + dp .
Lemma 1. Any polynomial which satisfies (1) is a multiple of s + N .
Indeed, by evaluating (1) on 1/(f1 · · ·fp) in O[1/(f1 · · ·fp)], we get:
bf (−N)
f1 · · ·fp ∈
p∑
i=1
D 1
f1 · · · fˇi · · ·fp
⊂
p∑
i=1
O
[
1
f1 · · · fˇi · · ·fp
]
.
Since f defines a complete intersection, the meromorphic function 1/(f1 · · ·fp) defines a
nonzero element in O[1/(f1 · · ·fp)]/∑pi=1O[1/(f1 · · · fˇi · · ·fp)], the local cohomology
module with support in f −1(0); hence bf (−N) = 0.
Henceforth, we assume that the map f defines an isolated complete intersection singu-
larity, and we denote by b˜f (s) ∈ C[s] the quotient of bf (s) by s + N .
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K = (k1, . . . , kr+1) ∈ Nr+1 where 1 k1, . . . , kr+1  n and ki = kj for i = j , let ∆hK ∈D
denote the vector field:
r+1∑
i=1
(−1)imK(i)(h)∂/∂xki =
r+1∑
i=1
(−1)i∂/∂xkimK(i)(h)
where K(i) = (k1, . . . , kˇi , . . . , kr+1) ∈ Nr and mK(i)(h) is the determinant of the r × r
matrix obtained from the jacobian matrix of h by deleting the kth columns with k /∈
{k1, . . . , kˇi , . . . , kr+1}.
In [1], the authors study D-modules associated with germs of analytic morphisms. In
particular, they prove that if the map f defines an isolated complete intersection singularity,
then the annihilator in D of f s11 · · ·f
sp
p , denoted by AnnD f s11 · · ·f
sp
p , is generated by the
vector fields ∆fK , and then the leftD-moduleM=Df s11 · · ·f
sp
p /(
∑p
i=1Dfif s11 · · ·f
sp
p ) is
holonomic [1, Théorème 2 and Proposition 1]. Hence the ideal I is generated by f1, . . . , fp
and ∆fK , 1 k1 < · · · < kp+1  n (when p < n), and conditions (1) and (2) are equivalent
under our hypotheses. Moreover, the surjective morphism of left D-modules:
π :D/I −→M
P −→ P · f s11 · · ·f
sp
p
is an isomorphism (since P ∈ kerπ means: P ∈∑pi=1Dfi + AnnD f s11 · · ·f spp ).
Thus bf (s) may be regarded as the minimal polynomial for the endomorphism of the
holonomic D-module D/I induced by right multiplication by χ .
2. The determination of bf (s)
Let J ⊂ O be the ideal generated by f1, . . . , fp and determinants of all the p × p
matrix obtained from the jacobian matrix of the map f (thus I ⊂ DJ ). It is a weighted
homogeneous ideal which defines the singular set of the complete intersection (f −1(0),0);
hence O/J is a finite-dimensional vector space over C. A weighted homogeneous cobasis
of J is a family {e} of weighted homogeneous polynomials which induces a basis of
O/J . Finally, we denote by Πf the set {q ∈ N | ∃: χ(e) = qe} ⊂ N.
Theorem 2. Let f1, . . . , fp ∈ C[x], 1 p  n, be some α-weighted homogeneous polyno-
mials of degree d1, . . . , dp ∈ N∗ for a system of weights α = (α1, . . . , αn) ∈ (N∗)n. Let N
(respectively |α|) denote the sum d1 + · · · + dp (respectively α1 + · · · + αn). Assume that
the map f = (f1, . . . , fp) : Cn → Cp defines an isolated complete intersection singularity
at the origin. Let c(s) ∈ C[s] be the reduced polynomial∏q∈Πf (s + |α| + q).
Then (s + N)c(s) satisfies (1), and any polynomial in C[s] satisfying (1) is a multiple
of the least common multiple of c(s) and (s + N).
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identities in D:
∂f1
∂xi
(χ + N) = d1 ∂
∂xi
f1 +
∑
k =i
αkxk
(
∂f1
∂xi
∂
∂xk
− ∂f1
∂xk
∂
∂xi
)
if p = 1 < n, and
mK(f )(χ + N) =
p∑
i=1
(−1)i+1di∆fˇiKfi + (−1)p
∑
k /∈{ki }
αkxk∆
f
(K,k)
if 1 < p < n,
where K = (k1, . . . , kp) ∈ Np is such that 1  k1, . . . , kp  n and ki = kj for i = j , and
fˇi is the morphism (f1, . . . , fˇi , . . . , fp) : Cn → Cp−1. Hence, using that the ideal J is
weighted homogeneous, we obtain a short exact sequence of D-modules:
0 −→K−→N ′ = DDJ −→N =
D
I
(χ + N) −→ 0 (3)
with a D-endomorphism induced by right multiplication by χ . Observe that if P ∈ D
defines an element of K, then P(χ + N) ∈ I ⊂DJ ; thus K(χ + N) = 0.
Moreover, it is easy to see that theD-moduleN ′ is supported by zero. Thus the de Rham
cohomology sequence associated with (3) is reduced to the short exact sequence of finite-
dimensional vector spaces:
0 −→ HnDR(K) −→ HnDR(N ′) −→ HnDR(N ) −→ 0
with the endomorphism H(χ), where HnDR(P) = P/
∑n
i=1(∂/∂xi)P for all D-module P
(see [5]). Recall that, for any D-module P supported by zero, HnDR(P) = 0 if and only if
P = 0; thus b˜f (s) is the minimal polynomial of H(χ) on HnDR(N ). On the other hand,
the endomorphism H(χ) :HnDR(N ′) → HnDR(N ′) may be identified with the action of−χ − |α| on O/J , which is diagonal in the basis {e}; thus its minimal polynomial is
c(s). Using these identifications, the assertion follows from the fact that (H(χ) + N Id) is
zero on HnDR(K). 
Remark 2. (i) In [6, Corollaire 2.2.2], H. Maynadier has proved that (s + N)c(s) verifies
(2) and therefore (1). Our interpretation of b˜f (s) as the minimal polynomial of an endo-
morphism on a finite-dimensional vector space not only allows us to give a new proof of
this result, but also to successfully complete the always difficult determination of compul-
sory factors of bf (s).
(ii) If c(−N) = 0, the polynomial bf (s) is not completely determined by this result. We
think that bf (s) is always equal to (s + N)c(s).
Example. Let us take p = 2, χ = x1(∂/∂x1) + · · · + xn(∂/∂xn), f1 =∑ni=1 x2i and f2 =∑n
i=1 λix2i , λi ∈ C, where λi = λj for i = j . Then Πf = {0,1,2} and c(s) = (s + n)(s +n + 1)(s + n + 2).
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Now, we assume that p is equal to n. Thus the map f : Cn → Cn defines zero, and the
ideal I ⊂D is generated by f1, . . . , fn.
In this case, the computation of bf (s) is easier than above. Indeed, the D-module D/I
is already supported by zero, so the computation of the minimal polynomial of the action
of χ on D/I may be done on its nth de Rham cohomology group (which is explicit here).
Thus we find that bf (s) is equal to the reduced polynomial:
bf (s) =
∏
q∈Π ′f
(
s + |α| + q)
where Π ′f ⊂ N denotes the set of degrees of elements of a weighted homogeneous cobasis
of the weighted homogeneous ideal I = (f1, . . . , fn)O.
Let us remark that this is the formula given by Theorem 2. Indeed, the base of the
artinian algebra O/I is generated by the jacobian determinant of f , the degree of which is
N − |α|. Thus it is responsible for the factor (s + N). In particular, the roots of bf (s) are
integers between −N and −|α|.
Assume now that f = (f1, . . . , fn) is homogeneous. Then we have:
bf (s) =
N∏
i=n
(s + i).
Indeed, any integer between 0 and N − n is the degree of at least one element of an
homogeneous cobasis of I (because N − n + 1 is the smallest integer r ∈ N such that
(x1, . . . , xn)r ⊂ I).
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